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Fig. 10 Comparison of pilot ratings in flight and in a fixed
base ground simulator—pilot H.

A comparison of fixed-base ground simulator vs flight
evaluations indicates that configurations with significant
PIO tendencies are rated poorer in flight than on the ground.
In evaluating PIO tendencies, ground simulator results are
not conservative and can be very misleading.
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Altitude Stability in Supersonic Cruising Flight

RoBERT F. STENGEL*
Massachusetts Institute of Technology, Cambridge, Mass.

The importance of maintaining a fixed altitude is increased for aireraft cruising at super-
sonic speed. The difficulties of altitude control are enhanced by the small flight-path angle
required to cause large vertical rates and by the time scale and basic instability of the long-
period motion. The causes of altitude deviation, the magnitude of their effects, and the sta-
bility of the motion are defined for a wide range of altitudes and Mach numbers and for
aireraft of varying lift-drag ratio, wing loading, thrust law, and pitch dynamics. In addi-
tion to suggesting necessary and favorable control laws, the effects of horizontal and vertical
wind, atmospheric state variation, and engine ‘‘unstarts’ are treated.

Nomenclature
A = coefficient matrix of the homogeneous equation
a = sound speed, fps
a: = characteristic equation coefficient
AR = wing aspect ratio
B = scaling matrix for control inputs
= scaling matrix for disturbance inputs
¢ = mean aerodynamic chord, ft
Co = drag coefficient (additional subscript denotes a partial
derivative)
Cr = lift coefficient (additional subscript denotes a partial
derivative)
Cn = moment coefficient (additional subscript denotes a

partial derivative)
DT, = g2 —v» — M?/(M? — 1)]/U(L/D)
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Da = ngLa/reAR

D = gCp;/CL

Dg = drag scaling coefficient for general disturbance

e = efficiency factor for drag-due-to-lift

G = compensation transfer function

g = acceleration-due-to-gravity, fps?

g = (—=1y~

k = radius of gyration, ft

L/D = lift-drag ratio

Ly = glar/a(l — 1/M?*) — 8]

L, = g/p

Lu = g[2 — M*/(M* — D}JU

Ly = gC1,/CL

L; = gC;/C1

L = lift scaling coefficient for general disturbance

L, = g/p

M = Mach number

m = mass, slugs

M, = Tw/k? (aerodynamic and aeroelastic contributions
not included explicitly)

M, = gr/pk*(L/D)

MTh =

gr/k*(L/D)



SEPT.-OCT. 1970

M, = T./k* (aerodynamic and aeroelastic contributions
not included explicitly)

]lfa = gJ'CC’La/kch

Mg = —wygc?/18k2UC L (from Ref. 14, assuming triangular
wing)

M = gcCns/k*CyL

M = 3M, (from Ref. 14, assuming triangular wing)

Mg = moment scaling coefficient for general disturbance

M, = gr/ok*(L/D)

Ngh = open-loop altitude transfer function numerator for
general disturbance

Ngtsn = coupling numerator for altitude response to general
disturbance with single loop closure

r = thrust axis offset, ft

S = wing area, ft?

s = laplace operator

T, = phugoid time constant, sec

T = g/(L/D)

U = forward velocity, fps

w = weight, lb

X = dependent variable vector

z = aerodynamic center position, ft (negative aft of
center-of-gravity)

B = air density inverse scale height, ft~!

A = characteristic equation

Ah = altitude perturbation variable, ft

Ap = pressure disturbance, millibars

AT = temperature disturbance, °F

ATh = thrust disturbance, %

Ay = forward velocity perturbation variable, fps

Ay, = horizontal wind disturbance, fps

Aw, = vertical wind disturbance, fps

Aa = angle-of-attack perturbation variable, deg

Ay = flight path angle perturbation variable, deg

Ad = control deflection

A = general perturbation variable

A = pitch attitude angle perturbation variable, deg

AE = general disturbance

Ap = air density disturbance, slug-ft—32

3 = control deflection vector

€ = disturbance vector

¢p; &s»p = phugoid damping ratio; short period damping ratio,
respectively

M = height mode pole, sec™?

v = exponent of thrust velocity dependence

v’ = p(1 — static thrust/full thrust)

P = air density, slugs-ft—3

Th = height mode time constant, sec

¢ = transfer function phase angle, deg

wp; wsp = phugoid frequency; short period frequency respec-

tively, rad/sec

I. Introduction

MONG the dynamical problems of supersonic cruising
flight, altitude stability has, until recently, drawn the
least attention. The lack of concern has been warranted,
since the short period modes are most closely associated with
attitudes, acceleration, and flight-path control, which have
required extensive study. Furthermore, all supersonically
cruising aireraft have been experimental or military aireraft,
which presumably have air space priority unmatched by civil
aircraft. The advent of the supersonic transport brings new
weight to the study of altitude stability, for such an aircraft
must fly within a densely populated system of air lanes and
must operate economically.

There is cause for concern in reports of flight and simulator
tests. At a meeting of the Society of Experimental Test
Pilots, pilots of this nation’s supersonically cruising aircraft
commented on the long period of the phugoid mode, indi-
cating that wide altitude spacing of supersonic traffic might
be a consequence of the oscillation.! Alvin S. White esti-
mated “that a 10,000-ft altitude separation would have been
required with instruments used in the XB-70.”! 1In one
simulator study of a supersonic transport, pilots deviated
from the preassigned altitude by at least 500 {t in 809 of the
runs.?  Another report?® indicates that upset recovery is pro-
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longed at high speeds and 16,000-17,000-ft altitude may
be required for the recovery. Several speakers at a technical
symposium on the supersonic transport? confirmed that high
pitch angle resolution of aircraft instruments is critical for
altitude hold. Speaking at that meeting, White suggested
that pressure gradients are significant and that improved
altimetry (possibly inertial) is needed.

Newell and Campbell report good correlation between
phugoid damping and the power spectral density of altitude
variation.® Areas under the spectral curves indicate altitude
standard deviations of 500-1400 ft, for damping ratios of 0.28—
—0.15 and for 200-mph air speed. The pilot could concentrate
on the poorly damped phugoid for no longer than 5 min;
then, other flying duties demanded his attention.

Altitude stability first received attention from Lanchester,
who defined phugoid motion in 1897 as the oscillating inter-
change of potential and kinetic energy.® Lanchester’s non-
linear solution neglected atmospheric damping and rotational
dynamics, which were added in later linearized treatments.
In 1942, Schuebel recognized the importance of the air
density gradient in limiting the phugoid period.” Neumark
added the effects of thrust and of sound speed variation with
altitude.® In his hallmark paper of 1950, he defined the
characteristic equation of longitudinal motion as quintic
rather than quartic. This paper also considered the stability
of supersonic flight. Etkin pursued this development into
orbit, adding spherical earth effects.? He found that the
thrust law has significant effect on phugoid damping. Larra-
bee considers a thrust law proportional to a power of air
speed other than two in a 1967 paper.'°

II. Dynamical Equations

The linearized equations-of-motion for longitudinal flight
are derived in several texts; those presented follow Seckel.!t
The linearized equations provide solutions for perturbations
from an initial flight condition, and all equation coefficients
are computed on the basis of the nominal altitude and speed.
The coefficients of the equations are dimensional stability
derivatives, relating acceleration sensitivities to perturba-
tions in “real time.”

Typically, there are three equations in the longitudinal
set, and these are based on the perturbation variables Au
(forward velocity), Aea (angle-of-attack) or Aw (normal
velocity), and A# (pitech attitude angle). Since altitude-
dependent effects will be considered, it is necessary to append
the kinematic relation between the altitude perturbation
(Ah) and the flight-path perturbation angle (Avy): d(Ah)/dt
= UAyand Ay = Af — Aa.

Transforming the ordinary differential equations-of-
motion by the Laplace transform and neglecting initial
conditions,

A(s)x(s) = Bi(s) + C(s)e(s) 1
where the terms of Eq. (1) are defined by Eqs. (2-7):
(s + DT.) (Da— g g 0
A = I_Lu/U (s + Lo/U) —s Lh/U—l
M, —(Mss + My s(s— Mg —M,
[0 U -U s J
2
X7(s) = [Au(s)Aa(s)AO(s) Ah(s)] 3)
[—Dw —Dsy — Dy 0‘|
'_LrST/U ""LéL/U —LBM/U 0
B = 4)
Msyp My, M sy 0
[O 0 0 0
87(s) = [A8,(s) AdL(s) Adx(s)0] 5)
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~-DT, —D/U 0
’- LU —La/U? ~L,/U
€O = a., (e~ Mi)s + MU M,

.J) 0 0
0 0 TTh-|
~Lr/U —-L,/U 0 ©)
0 M, Moy,
0 0 0 J

€7(s) = [Aua(s) Aww(s) Ap(s) AT (s) Ap(s) ATA(s)]  (7)

It is not necessary to eliminate a variable before proceed-
ing; however, a 3 X 3 matrix is easier to visualize and expand
than a 4 X 4 matrix. Using the relationship between alti-
tude, and angle-of-attack, Af and Aa are consecutively
eliminated in Egs. (8) and (9).

(s + DT.) Da
Ai(s)x(s) = | L./U L./U
—M. [ — (Ma+ Mi)s — M)
gs/U _] Au
—(* — L)/U Aa | ®)
(s3/U — Mgs*/U — My) Ah
(s + DT,) D,
A()x(s) = L./U L./U
—M. [s2 — (Mg + Mg)s — M,
—(Da — 9)s/U Au
—(s* + Las/U — L)/U a8 |

(Mss?/U + Mo/U — My )| A

The determinants of A;(s) and As(s) are equal, yielding a
characteristic equation of the form shown in Eq. (10):

A = (agh® 4+ asAt + s\ + asA? 4 oA + a)/U = 0 (10)
Typically, Eq. (10) can be factored to Eq. (11) as follows:
()\ - )\h)()\z + 2§pwp)\ + wp2) X
()\2 + 2{51)‘-"51))\ -+ wSPZ)/U =0 (11)

Longitudinal Medes and Their Approximations

The roots of these equations are precisely determined only
by iterative techniques; however, if the singularities are

Ah(s)
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Using the next three coefficients of the quintic equation to
describe the phugoid mode, it is found that the natural fre-
quency is approximated by (as/as)Y/?, while the damping ratio
is approximately as/2(asa,) 2.

The corresponding two d-o-f approximations are

Wpsgor = (Laug/U — L)*? (13)
and

Cosaot = DTu/2(Lug/U — L)' (14)

The stability derivatives are based upon common simplifi-
cations. For example, lift slope is proportional to (M? —
1)~V2, air density varies exponentially with the inverse scale
height (), and sound speed is a linear function (a.h + ag) of
altitude. Substituting for the stability derivatives,

Wpagos =~ {9[29/(]2 + 8 - (MQ/(M2 - 1)) X
(a/a + g/UH[V2 (15)

The limiting effect of increasing speed can be seen, for
(neglecting spherical earth terms),

Opsaor ——> [9(B — an/a) 1" (16)
U, M—>x

Similarly, with thrust slope (#'), the damping ratio is
Soraor = 912 — v' — M2/ (M* — 1)1/2U(L/D)wpsaer  (17)

As L/D increases, the numerical value of {,,,, decreases.
If thrust grows faster than drag with increasing velocity,
{ pador 18 DEGALIVE.

In the parametric study of phugoid and height mode roots
that follows, the short period will be handled in two ways.
First, the static margin is chosen to yield a natural frequency
of 1.5 rad/sec in the “standard case,” and M, and Ms are
allowed to change with parameter variations. In the second
approach, M, and M4 are augmented to simulate a stabiliza-
tion system; the resulting pole and zero locations are identical
to those that would be obtained with angle-of-attack and
pitch-rate feedback. The short period frequency and damp-
ing ratio are maintained close to 2.5 rad/sec and 0.45 for
acceptable handling qualities.

Relationship between Altitude and Pitch Angle

In the absence of forcing functions, the relationship be-
tween altitude (Ah) and piteh angle perturbations (Af) can
be obtained from the coefficient matrix of Eq. (9). Tt is,

2 — My + Mys+ (M Lo/L, — M)

Ab(s)  (Mu/L. — Ms/U)s2 + (MuLo/ULy — Mo/U)s + (My — M.Ls/Ly)

widely spaced, as is generally the case in supersonic flight,
good approximations can be found without factoring Eq.
(10).

With prior knowledge of the characteristic equation’s
roots, we can identify the height mode, the phugoid mode,
and the short period mode. It is reasonable to associate
these modes with ascending powers of A\, which relate to the
higher derivatives of the dependent variables and, thus, to
higher frequency motion.

Inspection of Eq. (10) and a multitude of numerical ex-
amples indicate that the height mode pole i, can be
approximated by ai/a,. The height mode owes its existence
to the forces and moments that vary with height; without
them, a; would vanish, and a “free \”” could be factored from
Eq. (10). ’

Similarly, neglecting the Aa degree-of-freedom,

Mizgor = DTuLn/(In. — gL/ U) (12)

(18)

The Lanchester approximation required that Ah(s)/
AB(s)|2aot = U/s. This is obtained from the zeroth-order
numerator and first-order denominator terms of Eq. (18),
indicating what must be negligible for the two d-o-f case to
be valid.

The frequency response is obtained by substituting jw for
s in Eq. (18). Unlike the two d-o-f case, low-frequency re-
sponse may be bounded, and high-frequency response does
not go to zero (although the rigid body, steady aerodynamic
model breaks down at high frequency). As w goes to zero,
the step response gain is found to be

AR0)/A0(0) = (MoLy — M Ly)/(M.Ly — LM, (19)

Equation (19) is unbounded if the denominator is zero—the
case if height derivatives were neglected. Results, presented
in a later section, show that the two d-o-f case is a good appro-
ximation in a range of intermediate frequencies, and it is ex-
ceptional at the phugoid frequency. The zeros of Eq. (18)
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form a complex pair near the short period poles, while the
denominator is most often composed of two real roots.

Relationship between Altitude and Angle-of-Atltack

Beginning with Eq. (8), the Ah/Aa transfer function is
found to be

Ah(s)
Aa(s)

—[s? — (Ms+ Mé)s + (MuLa/Lu — Ma)]
s%/U — (M4/U + Mu/Lu)s* 4 (0)s + (MuLin/Lu — M)

(20
The numerator is the same as the Akh/A6 numerator, and
AR0)/Aa0) = (Mol — M.Ly)/(M.Ly, — MiL.) (21)

indicating that Aa and Af are equal when the final response
to an input step is reached.

The two d-o-f case gives no information on Ah/Aea, since
A« is identically zero at all frequencies. It might be as-
sumed, however, that where the 2 d-o-f approximation is
valid, oscillation in A% is accompanied by a very small Aa
oscillation, i.e., that Ak/A« is very large.

Transfer Function Numerators

The denominator of all control and disturbance transfer
functions is the characteristic equation [Eq. (10)]. The
numerator of the transfer function relating a perturbation
variable to an input is obtained by replacing the A (s) column,
which multiplies the variable with the scaling column of the
input, then evaluating the determinant of this new matrix.
A single-loop closure modifies the roots of the closed-loop
characteristic equation but does not change the zeros of the
transfer function. It may alter the zeros of other transfer
functions,’? and poles and zeros of disturbance response
transfer functions can be altered by the single-loop closure.

The numerators for altitude response to disturbances all
take a single form. Calling A¢ the general disturbance in-
put, the numerator of the Ah/A¢ transfer function is

Nep = —DiL,[s? — (Mg + Mg)s + (M Lo/L, — M)/ U +
MiLals + (DTw — DaLu/La) /U + Leis® +
DT, — (M4 + M4ls* + [—Mo — DT.(Mys + Mils +
(DM, — DT M)}/U  (22)

and the transfer function is Ak(s)/A&(s) = Ng/A.

With a single-loop closure of the general perturbation vari-
able Ay to the control deflection Ad, McRuer, Ashkenas, and
Pass!? show that the disturbance response transfer function
becomes

AR(s)/ AE(S) |yms = (Ng* + GNg")/(A + GN&Y)  (23)

where @ is a feedback compensation, N7 is the single-loop
closure numerator, and Ngt;"is the coupling numerator. The
coupling numerator is found by replacing the Ah and Ag
columns of A(s) with the scaling columns of Af and Aé.

III. Numerical Results

Parametric Sweep

In this section, parametric variations in the height and
phugoid mode roots are charted. Cruising altitude, cruising
speed (U), wing loading (W/S), lift-to-drag ratio (L/D),
thrust law slope (¢'), “speed stability” (M.), moment due to
altitude change (M), and short period stability are varied.

Starting from a ‘“‘standard case,” each of the first five
parameters is swept individually for two thrust offset and
two short period stability conditions. The standard case is
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representative of a supersonic transport cruising at Mach 3
at 70,000-ft altitude; L/D is 8, W/S is 60 psf, and »’ is +2.
Additional characteristics are: k = 32.7 ft, AR = 2,C14 =
1.55 rad™%, e = 0.35, ¢ = 50 ft, § = 5000 ft?, Cp; = 0.045
rad=4, & = —5 ft, W = 300,000 Ib—!, and C,.; = 0.25 rad 1.

The parameters are varied as follows: altitude: 40,000~
115,000 ft, Mach number: 2-6, wing loading: 30-120 psf,
lift/drag: 4-12, thrust-axis offset: —24 to +24 ft, and
short period stability: augmented or unaugmented.

Altitude is the first parameter to be varied, and the results
are shown in Fig. 1. Three cases are illustrated. For the
first two, there is no thrust offset (r), and M, and M, are
assumed to be zero; short period roots are augmented and
unaugmented. In the third case, there is a 6-ft thrust offset
causing nonzero M, and M,, and the short period is aug-
mented.

The phugoid period (T,) fits the trend of Eq. (15). The
value of B derived from the U.S. Standard Atmosphere,
1962,1% fluctuates with increasing altitude, first decreasing,
then increasing, then decreasing again. The inverse of this
pattern is discernible in T',. The period T, is greater at low
altitudes with the augmented short period (r = 0) because
of the effect of M4 in as of Eq. (10), but for 6-ft thrust offset,
the leading term of a» becomes significant. As altitude in-
creases, L, decreases, and this effect is diminished. The
phugoid period ranges from 149 to 170 sec, with all three cases
approaching 159.5 sec at 115,000 ft.

The damping ratio ({,) is negative at all altitudes, and the
phugoid mode is unstable. With the augmented short
period, the phugoid becomes less unstable with altitude.
The increase of M4 in order to maintain short period stability
has a mild stabilizing effect on the phugoid mode. In the
altitude sweep, ¢, ranges from 0.0000355 to —0.0026.

The height mode is unstable, but the divergence is weak;
74 (the inverse of \;) ranges from 700-760 sec.

Mach number effects are plotted in Fig. 2. The unaug-
mented phugoid period climbs slowly toward its limiting
value of 162.1 see, as given by Eq. (16). The period is in-
creased by the decreasing amount of short period augmenta-
tion and is increased by L,M. in as. The phugoid wave-
length (L,) increases with velocity, ranging from 49 to 162 mi.
The phugoid becomes less unstable with increasing M as the
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sec T s oo cmmmnnes
5o i
140 1 [ | | l t 1
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-o8|- ’ ™ _ {800
Cpr o4 S (AUGMENTED & He00
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-04 ~1400 sec
-o.z'\<——_—----c ____________ 4200
\ ]
0 | | L ———— °
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[+]
ALTITUDE, h, ftx10°3
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------ UNAUGMENTED SHORT PERIOD, r=0
== === AUGMENTED SHORT PERIOD, r=6'

Fig. 1 Cruising altitude effect on th phugoid and height
modes.
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Fig. 2 Cruising Mach number effect on the phugoid and
height modes.

magnitude of DT, diminishes (DT, is negative and has a
destabilizing effect). For the offset thrust case, M. de-
creases, and its stabilizing effect is reduced. The height
mode time constant increases by a factor of three as DT,
becomes smaller, ranging between 408 and 1488 sec.

The quantity 7', is largely independent of L/D (Fig. 3).
As indicated by Eq. (17), low L/D enlarges the magnitude
of {,, whether it is positive or negative; in this case, it adds
to the instability. A similar effect is seen in 75, where low
L/D hastens the divergence.

Thrust law slope (v’) has negligible effect on T, but it
produces large changes in ¢, and 74, The thrust model used
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Fig. 3 Lift/drag ratio effect on the phugoid and height
modes.
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Fig. 4 'Thrust slope effect on the phugoid and height
modes

in this paper consists of a static term and a term proportional
to U”. As U increases, thrust increases along a local slope
of »’, a function of » and the ratio of static-to-full thrust.
Phugoid damping and height mode time constant are strongly
dependent on the difference between drag and thrust growth
with velocity; i.e., on DT,, which »’ enters directly. Figure
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Fig. 5 Wing loading effect on the phugoid and height
modes.
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Fig. 6 Speed stability effect on the phugoid and height
modes.

4 illustrates the progression from stability to instability
as v’ goes from —1 to +3.

Wing loading has a rather small effect on T,, {,, and 7,.
Figure 5 indicates that the trends with increasing W/S are
similar to those of increasing altitude.

The speed stability derivative ({,) has little effect of the
phugoid period but has substantial effect on {, and 7,.. It
is assumed that M. derives from thrust offset entirely, so
this parameter is varied through the offset distance r. The
offset distance also affects M;, but M, is arbitrarily set to
zero for Fig. 6. If M. is positive, there is an increased
tendency to nose up at the bottom of the phugoid oscillation,
where forward velocity is highest. The opposite occurs at
the peak of the motion. Consequently, the period of the
motion is decreased. The forward velocity perturbation is
in-phase with pitch rate, so negative M. aids phugoid
damping.

Density variation with altitude induces thrust change,
which, combined with an offset thrust axis, introduces the
stability derivative (M) that is added to the M, variation
of Fig. 7. (It is present for all thrust offsets except those
of the previous figure.) Altitude and velocity perturbations
are out-of-phase at the phugoid frequency, causing M, and
M, which have opposite signs, to work together. Com-
parison of Figs. 6 and 7 shows M}, to be the dominant term,
providing phugoid stability at high- and low-thrust offsets
and shifting 7', between limits of 144 and 187 sec for the
augmented case. As M, is varied between its positive and
negative limits, 75 travels from 290 to nearly 1000 sec.

The phugoid and height mode roots of a supersonically
cruising aireraft always lie near the jw axis of the s plane;
most often they are in the right half plane. A stability
augmentation system which augments only the short period
is insufficient to stabilize these motions, although the rates
of divergence are slow enough to be perceived by an alert
pilot.

thlos

Fig. 7 Thrust offset effect on the phugoid and height
modes.

The most negative phugoid damping ratio found here is
—0.006; combinations of parameters, e.g., low altitude and
Mach number, could heighten the instability. Similarly,
the most divergent height mode, which has a 280-sec time
constant, could become more severe with the added effects
of low L/D, high-thrust slope, negative M,, and positive
M3 Phugoid period remains within 11 sec of 160 sec for
all but large values of |M,|.

Transfer Functions

The Ah/A6 transfer functions of Fig. 8 give clear evidence
for the two d-o-f approximation. Setting Ak equal to UAG/
jw results in an amplitude ratio with —20 db/decade slope
and a phase angle of —90°. The standard case, with and
without short period augmentation, coincides with the ap-
proximation up to a 0.5-rad/sec frequency, where short
period dynamics first become significant. Complex zeros
near the short period poles decrease | Ah/A8), indicating that
short period oscillations produce little altitude change.
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Fig. 8 Altitude/pitch angle frequency response, short
period effects.



470 R. F. STENGEL

180 — T T T T T AT
g ML “p usp
Zia
<j<q
g
=}
o~
90 y,
g 0 P, /. ]
E /-/' 4
-90 e S
i [ ]
180 b T el il il i
0.0000  0.001 0.01 0.1 L0 10.0

FREQUENCY, radis

-]

Fig. Altitude/pitch angle frequency response, thrust

offiset effects.

The asymptotic slope of |Ak/Ag| shifts to 20 db/decade
at the zeros, eventually dropping to zero slope upon reaching
the remaining high-frequency pole (not plotted).

Thrust offset limits low-frequency response and shifts the
remaining pole to much lower frequency (below the short
period frequency but higher than the phugoid frequency).
This effect is pursued in Fig. 9, where transfer functions for
both positive and negative M., are shown. Negative M.,
changes the signs of the poles and gain of Ah/Af. Conse-
quently, the phase angle begins at —180° and shifts through
360° before reaching its high-frequency asymptote. The
two d-o-f approximation remains valid in the vicinity of the
phugoid frequency.

The Ah/Ac« amplitude ratios are plotted in Fig. 10. For
zero thrust offset, the dominant slope is —40 db/decade;
the amplitude ratio is much increased over Ah/Af. For
an altitude oscillation at the phugoid frequency, A« is 40-53
db below (100-450 times smaller than) the A# oscillation.
With thrust offset, Aa response at that frequency is dimin-
ished by another 40 db, and the low-frequency asymptote is
the Ah/A6 asymptote.

Control Loop Closures

The dynamie stability of the aireraft can be much improved
by feedback control; numerous single-loop closures and a
multiloop closure are considered here. It is assumed that
the short period poles are sufficiently far from the phugoid
and height mode poles that there is negligible interaction for
moderate-gain loop closures.

There are at least twelve control transfer functions of
possible interest, and each of these can be modified by
compensation or multiloop closures. Altitude, forward
velocity, pitch, and angle-of-attack perturbations can be
fed to thrust, lift, or moment control. Other control transfer
functions are simply integrals, derivatives, or linear combina-
tions of the previous funections.
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Fig. 10 Altitude/angle-of-attack frequency response.
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The effects of certain control loop closures are summarized
in Table 1. The observations on stability are based upon
the standard case with augmented short period, no thrust
offset, and no additional compensation in the control system.
In Table 1, “strong” phugoid stability or instability denotes
horizontal departure of the roots into the left or right half
plane, while “weak” (in)stability signifies a near-vertical
departure, with the roots terminating in the (right) left half
plane. The “strong” criterion for the height root signifies
unlimited travel along the real axis, whereas “weak” (in)-
stability implies that the root’s travel is blocked by a nearby
Zero.

Altitude feedback to thrust, lift, and moment controls is
considered first. The thrust loop closure corresponds to a
typical human pilot control law and will be examined in the
multiloop closure. This loop closure drives the phugoid
roots into the right half plane but has a strong stabilizing
influence on the height mode. Lift control can be used
either to stabilize the height mode or to increase phugoid
frequency, depending upon feedback sign, but it always has
an adverse effect on one of the roots. Strong stabilization
of the height mode by moment control is prevented by the
single low frequency zero, which blocks the closed loop root’s
travel to the left.

This blocking effect is also felt in pitch angle feedback to
thrust (negative convention) and to lift and moment (posi-
tive convention). In these cases, the zero is at the origin,
50 the best that can be done is to force the unstable height
mode to neutral stability. Strong phugoid stabilization is
possible with 1ift control, and, to a lesser extent, with moment
control (which gives strong stability by the eriterion, but
which limits travel of the roots).

Forward velocity feedback to thrust and moment has
similar effects on the phugoid and height modes: N\, is
shifted to the left and the phugoid roots are stabilized. For-

Table 1 Some feedback effects for the standard case,
with angmented short period, no thrust offset, and
no compensation [feedback is negative, unless denoted

by (+)]
Feedback
variable Height Phugoid
& control mode mode
Attitude to
thrust S8 SI
lift (—) I S
lift (+) S8 I
moment (—) S I
moment, (+) SI S
Piteh angle to
thrust N I
lift (—) 1 S8
lift () N SI
moment {—) 1 SSe
moment {+) N SI
Forward velocity to
thrust SS SSe
lift (=) SI S8
lift (4) N ST
moment SN S8e
Angle of attack to
thrust N S8
lift (—) S SIe
lift (+) N SS
moment (—) ? I
moment (+) ? S8
S = Stability
SS = Strong stability
I = Instability
SI = Strong instability
N = Tends to neutral stability

@ With limited travel.
b Conditional stability.



SEPT.-OCT. 1970

ward velocity feedback to moment control is considered in
the multiloop closure.

Angle-of-attack feedback to thrust and lift (positive con-
vention) neutralizes the height mode and stabilizes the
phugoid strongly. The near cancellation of a zero and A,
makes travel of that root difficult to predict with moment
control, while positive feedback produces conditional phugoid
stability.

Compensation or multiloop closure is required to keep
altitude under control and stabilize both modes of motion.
The combination examined here is the altitude/thrust and
forward velocity/moment multi-loop closure. The latter
is chosen as the “inner” loop, i.e., the loop to be closed first.
Figure 1la shows the root loci for negative feedback. A
moderate gain maximizes phugoid damping, stabilizes the
height mode, and prevents short period instability (the short
period roots are not shown).

The altitude/thrust zeros are near the short period poles,
and the coupling numerator (Nss*s,*) is a pure gain; there-
fore, the “outer” loop closure plotted in Fig. 11b involves
three poles whose roots approach asympotes of £60 and
—180°. The phugoid is destabilized moderately, limiting
outer loop gain. To obtain tighter altitude control with this
closure, the inner loop would be required to provide stronger
phugoid stability, as by pitch/lift, angle of attack/thrust,
or angle of attack/lift (positive) loop closures. The last
closure would reduce effective lift slope, which would reduce
gust response as a byproduct.

Although Table 1 is compiled for the standard case, control
numerators for all cases in the parameter sweep have been
caleulated. For most cases, zeros remained in the same rela-
tive position. For example, those near phugoid poles stayed
near the poles. In several cases, relative position is reversed.
The real altitude/lift zero is usually larger than A, and the
altitude/moment zero is smaller than \,. For several
thrust-offset cases, the first pair reverse; in the thrust-slope
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Fig. 12 Altitude response to control inputs.

sweep, the second pair reverse. Pitch and forward-velocity
zeros lying at the origin, with zero thrust offset, become posi-
tive with positive thrust offset. Positive thrust offset also
moves thrust and lift zeros from the origin to become complex
pairs for angle-of-attack feedback.

Input and Disturbance Response

Time histories of the standard case’s response to a number
of step inputs and a turbulence profile have been computed.
The 6-ft thrust offset and augmented short period stability
are assumed. These time histories of altitude deviation
have been obtained by numerical integration of the linear
dynamical equations. Measured T',, {», and 7, are within
5%, of the analytical values, which are 156, —0.00065, and
726 sec.

Control responses are plotted in Fig. 12. A small decrease
in thrust excites the unstable height mode of the basic air-
craft, causing an altitude divergence which shows only
traces of the phugoid mode. During the 1000-sec descent,
the pitch angle averages —0.05° and does not exceed —0.107°,
indieating the extreme sensitivity of altitude to pitch angle
at three times the speed of sound. Angle of attack has
reached only —0.022° by the end of the period. The strong-
est indicator of divergence is forward velocity, which has
dropped by 284 fps.

Closing the velocity/moment loop stabilizes the motion.
The aireraft executes a constant-velocity dive (with mini-
mum attitude of —0.27°) to a new equilibrium altitude, losing
1000 ft and one-half fps in the process. The altitude/thrust
closure increases the throttle to cut altitude and velocity loss
to 168 ft and 0.1 fps, incidentally decreasing phugoid stability
as predicted.

Lift control of the basic airplane stimulates the phugoid
with negligible effect on the height mode. The open-loop
oscillation diverges slowly, with initial peak-to-peak velocity
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Fig. 13 Altitude response to wind inputs.

and piteh amplitudes of 30 fps and 0.1°.  Controlling velocity
virtually eliminates the oscillation, and altitude control re-
duces altitude change to 123 ft.

A piteh-down input excites both divergent modes in the
basic configuration. Remarkably, the height divergence is
up, the result of the 60 fps excess velocity at the bottom of
the first phugoid oscillation. During the 1000 sec shown,
velocity climbs to 623 fps excess, greater than the limitations
imposed by the linear analysis. Initial peak-to-peak atti-
tude oscillation is nearly 0.3°. The velocity/moment closure
reduces the maximum altitude perturbation to —80 ft and
the steady-state value to —17 ft, while the altitude loop
further reduces these numbers to —67 and —3 ft.

Altitude response. to winds is illustrated in Fig. 13. A
1-fps vertical wind initiates oscillations of 280-ft peak-to-
peak amplitude and starts a steady divergence. Response
with velocity feedback is overdamped and bounded, but
the steady-state deflection is large. Altitude feedback re-
duces the steady-state response by a factor of seven. In
some respects, open-loop response to a 1-fps headwind may
be preferable to response with the velocity loop closure. Al-
though oscillatory and divergent, the open-loop response is
below the closed-loop response for nearly 10 min. Adding
the altitude closure, the closed-loop response is decidedly
superior.

The vertical wind turbulence synthesized for these tests is
Gaussian Markov noise with zero mean, 1-fps standard
deviation, and 100-sec period. Thus, the spectrum is rela-
tively flat at the height and phugoid frequencies and is at-
tenuated at the short period frequency. The turbulence is
sampled at 0.1-sec intervals, although the plot in Fig. 13c¢ is
sampled at 10-sec intervals and is, therefore, heavily aliased.
The basic aircraft is unstable, and its turbulence response is
unbounded; however, standard deviations for the 950-sec
test period can be compared with the closed-loop values.

J. AIRCRAFT

The open-loop turbulence response is merely excitation of the
phugoid and does not imply any attempt to follow the wind.
Altitude standard deviations for the open-loop, velocity-
loop, and velocity-plus-altitude-loop cases are 527, 108, and
102 ft. The similarity of the closed-loop cases is due to the
rapidly changing wind profile and the slow adjustment of the
altitude loop.

If one of four engines loses thrust without ‘“unstarting”
any of the others, altitude response will look like Fig. 14.1
At the termination time of the open-loop computation, over
600 fps had been lost, and altitude had decreased by 5000 ft.
The altitude divergence should be well within the pilot’s
control capabilities. He might find the open-loop response
preferable to the velocity loop response, for the constant-
velocity dive results in a pitch over to nearly —2° and an
altitude loss of 7300 ft. Addition of the altitude closure
provides more acceptable response; however, it is unlikely
that the remaining three engines can supply the 12879, of
cruising thrust necessary to perform the maneuver (throttle-
up in response to decreasing altitude).

Atmospheric state disturbances are not plotted. Their re-
sponse shapes are virtually identical to the lift control response
(Fig. 12b), as induced moments are small and thrust and drag
changes are assumed to cancel. Within this paper’s assump-
tions, per centage changes in air density and pressure have
identical results. In Fig. 12b, the first peak of the open-loop
oscillation is 375 ft for a 19, change in density or pressure.
With loop closures in the usual order, steady-state deflections
are 214 and 35 ft for this change. A 1°F temperature change
at 70,000-ft altitude causes an initial open-loop amplitude
of 161 ft and closed-loop steady-state deviations of 92 and
15 ft.

Changes in the atmospherie state can also affect the instru-
ments by which flight conditions are reckoned. The 1%
pressure change causes a 214-ft pressure altitude change at
70,000 ft; therefore, the altitude increase would go un-
noticed with the velocity closure. The barometric reference
altitude for an altitude closure also would change; thus, it is
likely that either system would fly an isobaric profile with
40--300-sec lag. If this is unacceptable, blending of in-
ertial or radar altitude data is required.

Time histories for an aireraft eruising at Mach 6 and 115,000
ft are similar to the Mach 3 results. For these runs, 1W/S is
120 psf, L/D is 4, and v’ is +3. With augmented short
period but open altitude and velocity loops, 7, is 399 sec,
while ¢, and T, are 0.000046 and 160.8 sec. The height
divergence occurs at a faster rate, but the phugoid is barely
stable. Obvious amplitude reductions are obtained from
the increased W /8 and decreased L/D. Response to vertical
wind turbulence is reduced to a 47-ft standard deviation by
the increased wing loading and the stabilized phugoid.

IV. Conclusions

The altitude stability of a supersonically cruising aircraft
is dependent on the phugoid and height modes of longitudinal
motion. Seemingly subtle parameters, such as air density
gradient and thrust-velocity profiles, have significant effects
on these long-term motions. For a range of flight conditions,
these modes have been shown to be unstable, or at best, very
lightly damped. The nature of altitude motion varies little
with cruising altitude and Mach number, although the length
scale of the phugoid and the height-mode time constant in-
crease with Mach number. Lift/drag has a similar effect
of 7, and also affects the magnitude of phugoid stability or
instability. Wing loading has little effect on the stability of
either mode. Thrust law slope has a strong effect on sta-
bility, with large positive values destabilizing both the
phugoid and height modes. Moments due to velocity and
altitude change have a significant effect on altitude stability.

1 “Jet upset” initiated by asymmetric thrust is not considered
here.
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